The effects of the characteristic width of the energy deposition profile and the duration of energy deposition by the ignitor on localised forced ignition of stoichiometric and fuel-lean homogeneous mixtures have been analysed using simplified chemistry three-dimensional compressible Direct Numerical Simulation (DNS) for different values of root-mean-square turbulent velocity fluctuation. The localised forced ignition is modelled using a source term in the energy transport equation, which deposits energy in a Gaussian manner from the centre of the ignitor over a stipulated period of time. It has been shown that the width of ignition energy deposition and the duration over which ignition energy is deposited have significant influences on the success of ignition and subsequent flame propagation. An increase in the width of ignition energy deposition (duration of energy deposition) for a given amount of ignition energy has been found to have a detrimental effect on the ignition event, which may ultimately lead to misfire. Moreover, an increase in uЈ gives rise to augmented heat transfer rate from the hot gas kernel, which in turn leads to a reduction in the extent of overall burning for both stoichiometric and fuel-lean homogeneous mixtures but the detrimental effects of high values of uЈ on localised ignition are particularly prevalent for fuel-lean mixtures.
INTRODUCTION
Localised forced ignition of homogeneous mixtures in the form of spark or laser plays an important role in the design of efficient and reliable Spark Ignition and Direct Injection engines. The localised ignition and subsequent flame propagation in homogeneous mixtures have been studied from analytical [1] [2] [3] [4] , experimental [5] [6] [7] [8] [9] [10] and numerical [10] [11] [12] [13] [14] [15] [16] [17] viewpoints by several authors. Interested readers are referred to Ref. [18] and references therein for an extensive review on localised forced ignition of homogeneous mixtures. In recent times, Direct Numerical Simulation (DNS) has become an important tool for fundamental understanding and subsequent modelling of complex combustion phenomena including localised forced ignition of homogeneous [15] [16] [17] and inhomogeneous [19] [20] [21] gaseous and droplet-laden [22] [23] [24] mixtures. An extensive review of experimental evaluation of minimum ignition energy, optimum energy deposition time for homogeneous mixture can be found in Lefebvre [5] , which indicated that the spark kernel needs to exceed a critical dimension (d q ) for the resulting flame to survive. The experimental analyses on the ignition of flowing mixtures involving fuel droplets and air suggest that the high temperature kernel is obtained as a result of input ignition energy, but also due to the heat released by combustion [5] . An increase in equivalence ratio (f) reduces the critical dimension d q , whereas this critical dimension d q (and the minimum ignition energy E min ) increases with an increase in turbulence intensity [5] . The adverse effects of turbulent velocity fluctuation on ignition and early stages of flame propagation in homogeneous mixtures were reported and analysed from various viewpoints in Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . In a recent analysis Wandel [23] demonstrated that the absence of a substantial region containing hot products with small values of scalar dissipation rate could be detrimental to the ignition of partiallypremixed gases resulting from droplet-laden mixtures, and such an extinction predictor can also be relevant to the ignition of gaseous homogeneous mixtures. The effects of the characteristic width of the ignition energy distribution and the duration of energy deposition on localised forced ignition and early stages of burning following successful ignition in homogeneous mixtures are yet to be numerically analysed in detail and this paper addresses this deficit in the existing literature. In this respect, it is worth noting that the analysis in this paper not only deals with the conditions for successful ignition but also the effects of the characteristic width of the ignition energy distribution and the duration of energy deposition on early stages of flame propagation following successful ignition. In the present study, three-dimensional compressible DNS simulations have been carried out in order to investigate the effects of the characteristic width of the ignition energy distribution and the duration of energy deposition on the localised forced ignition of homogeneous stoichiometric and fuel-lean mixtures for different values of root-mean-square (rms) value of turbulent velocity uЈ. In several previous analyses [1, 2, 4, [19] [20] [21] [22] [23] [24] the thermal effect of the ignitor is modelled using a source term in the energy transport equation, which deposits energy in a Gaussian manner from the centre of the ignitor over a stipulated duration of time. The same approach has been adopted here. The main objectives of the present study are: 1. To demonstrate the effects of the width of ignition energy distribution and the duration of energy deposition on ignition and early stages of flame propagation for both stoichiometric and fuel-lean homogeneous mixtures for different values of turbulent velocity fluctuation uЈ based on three-dimensional DNS simulations. 2. To provide physical explanations for the aforementioned effects.
Although the evaluation of minimum ignition energy and optimum spark duration for successful ignition are related to the aforementioned objectives, they are not the main focus of this paper. The present analysis has been carried out under decaying turbulence in a canonical configuration, which is different from the experimental flow conditions reported by Lefebvre [5] . Moreover, DNS simulations are computationally expensive so these simulations are not ideally suited to identify the exact values of minimum ignition energy and optimum energy deposition duration. Furthermore, a number of simplifications are involved in representing the localised ignition in analytical [1] [2] [3] [4] and computational [19] [20] [21] [22] [23] [24] studies, which often preclude a direct comparison of the minimum ignition energy and the optimum energy deposition duration obtained from experiments with computational results. However, in spite of the above limitations, important qualitative conclusions regarding the minimum ignition energy and the optimum energy deposition duration can be drawn from the DNS simulations reported in this paper, which will be discussed in detail in Section 4 of this paper.
The rest of the paper is organized as follows. In the following section the mathematical background behind this work will be presented. This will be followed by a brief discussion on the numerical implementation. In the following section the results will be presented and subsequently discussed.
MATHEMATICAL BACKGROUND
In combustion DNS, both the three-dimensionality of turbulence and the detailed chemical structure of flame should be simultaneously taken into account. However, such simulations are still too expensive [25] for the purpose of a detailed parametric analysis so three-dimensional DNS with single step chemistry approach has been considered for the present analysis. The single step chemical mechanism considered here can be written as:
where s stands for the mass of oxidizer consumed per unit mass of fuel consumption. The fuel consumption rate is given by an Arrhenius-type expression:
where r is the gas density, Y F and Y 0 are fuel and oxidizer mass fractions, respectively, and T is the non-dimensional temperature defined as:
where T * denotes the instantaneous dimensional temperature, T 0 is the initial reactant temperature and T ad is the adiabatic flame temperature for the stoichiometric mixture. In eqn (2), b is the Zel'dovich factor, a is the heat release parameter and B * is the normalised pre-exponential factor, which are defined as: where E a is the activation energy, R 0 is the universal gas constant, B is the preexponential factor and t is the heat release parameter given by t = (T ad -T 0 )/T 0 . The temperatures T 0 and T ad are related by the following expression:
where Y Fst is the stoichiometric mass fraction of fuel according to chemical reaction given by eqn(1), H f = 1 is the heat release per unit mass of fuel consumption for the stoichiometric mixture, and C P is the specific heat at constant pressure. In the present study, for the purpose of simplification, specific heats for all species are taken to be equal and independent of temperature. The Fick's law of diffusion accounts for the diffusion velocities of different species. For the purpose of simplification, the transport quantities such as, viscosity m, thermal conductivity l and density weighted mass diffusivity rD for all the species are considered to be the same and independent of temperature. The Lewis numbers of all species are assumed to be unity. Combustion is assumed to take place in the gaseous phase, where all species are calorically perfect gases, which allows for following state relations:
where T ref is the reference temperature, E is the stagnation internal energy, P is the pressure, and R -is the gas constant given by:
are chosen for the ratio of specific heats (g = C P /C V = 1.40) and Prandtl number (Pr = mC P /l = 0.7). Under the above assumptions, the energy conservation equation takes the following expression:
where t ki is the viscous shear stress, and w . T is the source term originating from heat release due to combustion. The expression for t ki and w . T are given by following:
where H is the heat release per unit mass of fuel consumption. The source term qЈЈЈ in eqn (7i) accounts for heat addition by the ignitor over the energy deposition period. The source term qЈЈЈ is assumed to follow a Gaussian distribution in the radial direction from the center of the ignitor [1, 2, 4, [19] [20] [21] [22] [23] [24] [26] [27] [28] [29] :
where r is the radial distance from the ignitor center and R is a characteristic radius of the ignition kernel [1, 2, 4, [19] [20] [21] [22] [23] [24] . In this present paper the choice of R ensures sufficient resolution of temperature gradient and rapid dissipation of any artificial effects of the ignition source. [1, 2, 4, [19] [20] [21] [22] [23] [24] . The constant A q in eqn (8i) is determined by the following volume integration:
where Q . is the ignition power. The ignition power is given by [1, 2, 4, [19] [20] [21] [22] [23] [24] :
where a sp is a parameter determining the total energy input, 
where t 1 is taken to be t 1 = 0.0 and b sp is a parameter associated with the energy deposition during ignition and
Experimental findings by Ballal and Lefebvre [30] indicated that b sp varies from 0.2 < b sp < 0.4 for the optimum spark duration. It is important to note that the aspects of momentum modification contribution, plasma formation and shock wave are kept beyond the scope of the present study in order to keep this study computationally feasible. This study only concentrates on the thermal aspect of ignition. The thermal aspect of ignition is modelled with the help of a Gaussian source term in the energy transport equation following several previous studies. [1, 2, 4, [19] [20] [21] [22] [23] [24] . For the present analysis both stoichiomertric (i.e. f = 1.0) and fuel-lean (e.g. f = 0.8) mixtures have been considered where f is the equivalence ratio defined as: (9) where (AFR) and (AFR) st are the actual and stoichiometric air-fuel ratios respectively. Here (AFR) st is taken to be 17.16 and this value is representative of a methane-air binary mixture. The values of thermochemical parameters used in the current analysis are summarised in Table 1 .
NUMERICAL IMPLEMENTATION
The simulations in this analysis have been carried out using a three-dimensional compressible DNS code called SENGA [17, [19] [20] [21] [22] [23] [24] where the conservation equations of mass, momentum, energy and mass fractions of fuel and oxidiser for compressible
flows are solved in dimensionless form. All the first-and second-order derivatives are evaluated using a 10 th -order central difference scheme for the internal grid points. The order of differentiation gradually drops to a second-order one-sided finite difference scheme at the non-periodic boundaries. The boundaries in the x 1 direction are taken to be partially non-reflecting whereas the transverse directions are considered to be periodic. The boundary conditions for the non-reflecting boundaries are specified using the Navier-Stokes Characteristics Boundary Conditions (NSCBC) technique [31] . The time advancement is carried out using an explicit low storage third-order RungeKutta scheme [32] . The initial turbulent velocity field is generated by a pseudo-spectral method [33] using the Batchelor-Towsend spectrum [34] . The simulation domain is taken to be a cube of the size 33l f × 33l f × 33l f and the simulation domain is discretised by a Cartesian grid of size 200 × 200 × 200 with uniform grid spacing Dx. For all the simulation, the grid spacing Dx is smaller than Kolmogorov length scale h. The grid spacing is determined by the resolution of the flame structure. In all the cases about 10 grid points are placed within the thermal flame thickness of the stoichiometric unstrained laminar flame d th , which is defined as: (10) The desired simulation time for decaying turbulence can be summarised as:
is the initial eddy turn over time, where L 11 is the longitudinal integral length scale of turbulence, and k is the initial turbulent kinetic energy. For all turbulent cases the initial normalised value of integral length scale L 11 /l f is taken as 3.36 following previous analyses [19] [20] [21] . The centre of ignitor is taken to be placed at the geometric centre of the computational domain. For the purpose of comparison, statistics for all cases are presented for a time t = 1.68t f , which corresponds to about 2t e and 3t e for initial values of uЈ/S b(f = 1.0) = 4.0 and uЈ/S b(f = 1.0) = 6.0 respectively. It will be shown in the next section of this paper that one can infer whether a particular case will give rise to self-sustained combustion following successful ignition by the time t = 1.68t f . It is worth noting that the several previous DNS studies
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RESULTS AND DISCUSSION

Temporal evolutions of maximum temperature and reaction rate magnitude
The effects of ignitor radius, duration of energy deposition and ignition energy have been analysed by the parametric variation of R, b sp and a sp respectively. The parametric variations of R, b sp and a sp for stoichiometric and fuel-lean mixtures are summarised in Table 2 . The temporal evolution of the maximum values of non-dimensional temperature (i.e. T max ) and the normalised fuel reaction rate magnitude (i.e. |w . Table 2 are shown in Figure 1 where non-dimensional temperature is defined as ( ) for f = 1.0(f = 0.8) mixture. Figure 1 demonstrates that T max rises with time due to energy deposition during 0 ≤ t ≤ t sp and thermal runaway takes place when T max attains a value close to T c ≈ 1 -1/b and at this point both T max and |w
increase rapidly with time. Once the energy deposition is switched off, the high thermal gradient between the hot gas kernel and the surrounding unburned gas gives rise to high rate of heat transfer from the hot gas kernel. This, in turn, leads to a decrease in T max with time once the ignitor is switched-off but |w .
starts to decrease before the energy deposition is stopped (see Fig. 1 ). The maximum value of the normalized fuel reaction rate magnitude (i.e. |w .
) rises with time during the energy deposition period until the fuel is available at the maximum temperature location to support Table 2 . (black broken line shows t = t sp ). chemical reaction. However, once the fuel is consumed at this location, |w . F | max × l f /r 0 S b(f = 1.0) decreases with time but T max continues to rise until t = t sp due to external energy addition. The maximum non-dimensional temperature T max approaches the nondimensional adiabatic flame temperature (i.e. T ≈ 1.0) and |w . F | max × l f /r 0 S b(f = 1.0) settles to a non-negligible value, which no longer changes appreciably with time for t >> t sp , in the cases (e.g. all cases except for cases LT4B, LT4C, LT4D, LT4E. LT4F, ST4G, LT0G, LT4G, LT4H and LT4I in Table 2 ), where self-sustained combustion is obtained. Figure 1 shows that successful ignition has been obtained for all cases except for the ST0A, ST4A, LT0A, LT4A cases, but T max settles to 1.0, suggesting self-sustained combustion, only for some cases. The conditions, which led to self-sustained flame propagation following successful ignition, depends on the width of R, duration of external energy deposition (or the parameter b sp ) and ignition energy (or the parameter a sp ). Self-sustained flame propagation has been obtained for all the quiescent cases (i.e. uЈ/S b(f = 1.0) = 0.0) except for the ST0A, LT0A, LT0G cases (see Figure 1 ). For the cases (e.g. LT4B, LT4C, LT4D, LT4E. LT4F, ST4G, LT0G, LT4G, LT4H and LT4I) where successful ignition but failed self-sustained combustion has been obtained, T max decreases continuously for t > t sp and |w
It is evident from Figure 1 that the cases a sp = 2.7 are more prone to failure than the cases with a sp = 3.5 and a sp = 4.3, which is consistent with the expectation that the probability of obtaining successful ignition and self-sustained combustion increases with increasing ignition energy for a given set of values of R and b sp . It has been found that the cases with f = 0.8 mixture are more susceptible to flame extinction than the f = 1.0 cases (compare cases ST4B, ST4C, ST4E,ST4F, ST0G, ST4H and ST4I with cases LT4B, LT4C, LT4E, LT4F, LT0G, LT4H and LT4I respectively) as the rate of chemical reaction is smaller in f = 0.8 cases than in f = 1.0 cases.
Spatial distributions of temperature fuel mass fraction and reaction rate magnitude and flame wrinkling
The distribution of non-dimensional temperature (T), fuel mass fraction (Y F ), and the magnitude of fuel consumption rate (|w . F | × l f /r 0 S b(f = 1.0) ) for cases ST0A, ST4A, LT0D, LT4D, ST0I, ST4I, ST0R, ST4R and ST6R at the central x 1 -x 2 plane are shown in Figure 2 at times t = 0.2t f and t = 1.68t f in order to demonstrate the effects of R, b sp and a sp . It is important to observe that temperature contours remain circular during the period of energy deposition but they become increasingly distorted as time progresses for all turbulent cases. The evolution of temperature field for t ≤ t sp is principally determined by the diffusion of energy deposited, whereas after ignition initiated, the flame propagation depends on the local reaction-diffusion balance, which is affected by local flame stretching mechanism. It can be seen from Figure 2 that fuel mass fraction Y F is depleted at the zones associated with high values of T due to consumption of fuel as a result of chemical reaction. The extent of the completion of chemical reaction can be quantified in terms of a reaction progress variable c, which can be defined as: (11) where Y Fu and Y Fb are the fuel mass fractions in the unburned gas and the fully burned gas respectively. Both Y Fu and Y Fb are the functions of f, and c rises monotonically from 0 to 1.0 from the unburned gases to the fully burned gases irrespective of the value of f. It is evident from Figure 2 that the contours of T and Y F in turbulent cases are more wrinkled than the corresponding laminar cases. Here the extent of wrinkling is quantified using a wrinkling indicator W, which is defined as: (12) where is the unit radial vector from the centre of the hot gas kernel and is the local flame normal vector. The pdfs of W for the region corresponding to 0.01 ≤ c ≤ 0.99 at t = 1.68t f are shown in Figure 3 for the cases in Table 2 where selfsustained combustion is obtained. According to eqn (12), a perfect spherical flame kernel without any wrinkles will give rise to a single delta function at W = 1.0. The departure of the peak value of pdf from W = 1.0 provides the measure of flame wrinkling. Figure 3 demonstrates that the flame kernel retains its spherical shape for all the quiescent cases. However, the contours of T and Y F in turbulent cases remain approximately spherical during t ≤ t sp but they become increasingly wrinkled as time progress. It is evident from Figure 3 that an increase in R leads to a decrease in the extent of wrinkling for both stoichiometric and fuel-lean cases. By contrast, a decrease in energy deposition duration (i.e. b sp ) leads to an increase in flame wrinkling (see Figure 3) . It has also been found that the extent of flame wrinkling decreases with decreasing ignition energy (or a sp ). An increase in R reduces the size of the hot gas kernel and thus only less energetic small eddies act to wrinkle the flame, whereas large scale eddies tend to convect the kernel. The interaction between less energetic small scale eddies with flame kernel reduces the extent of flame wrinkling for large values of R. An increase in flame radius for small values of R enables more energetic largescale eddies to interact with the flame surface, which leads to greater extent of flame wrinkling for smaller values of R. A decrease in a sp tends to decrease the radius of the hot gas kernel in case of self-sustained combustion, which decreases the extent of flame wrinkling due to interaction of the flame kernel with less energetic small-scale eddies. Thus, the extent of flame wrinkling decreases with decreasing a sp . An increase in b sp acts to reduce the size of the hot gas kernel, which in turn decreases the extent of flame wrinkling due to interaction of the flame kernel with less energetic small-scale eddies.
Temporal evolution of the burned gas mass m b
The extent of burning can be characterized by the burned gas mass m b with c ≥ 0.9. The temporal evolution of the burned gas mass normalized by the mass of unburned gas sphere with a radius equal to l f (i.e.
) for different values of uЈ/S b(f = 1.0) for both the Figure 4 shows that the cases with R = 1.41l f (i.e. cases ST0A, ST4A, LT0A and LT4A) fail to ignite, whereas a reduction in R gives rise to successful ignition and 162 Effects of energy deposition characteristics on localised forced Ignition of homogeneous mixtures
Figure 3:
Temporal distributions of pdfs of the wrinkling indicator W for the region corresponding to 0.01 ≤ c ≤ 0.99 at t = 1.68t f for the selected cases listed in Table 2 . increases the burning rate. An increase in R for a given set values of a sp and b sp leads to deposition of energy over a larger volume of gas, which leads to a reduction in the probability of finding high temperature to support chemical reaction. This in turn reduces the overall rate of fuel consumption and heat release within the flame kernel for high values of R, and the flame eventually extinguishes when the heat transfer from hot gas kernel overcomes the chemical release. Additionally Figures 4 demonstrates that the effects of b sp on the extent of burning in both stoichiometric and fuel-lean mixtures. An increase in b sp gives rise to a reduction in ignition power for a given set of values of ignition energy (i.e. given value of a sp ) and the characteristic width of energy deposition R. This, in turn, reduces the probability of finding high temperature to lead to high reaction rate magnitude. Thus the probability of finding high magnitudes of w . F and chemical heat release decreases with increasing b sp , which leads to a reduction in the extent of burning and the flames are more prone to extinction for high values of b sp especially for the fuel-lean cases.
It can be seen from Figure 4 that an increase in a sp for a given set of values of R, b sp and uЈ increases the probability of finding high temperature and |w . F | values. This in turn leads to higher extent of burning with increasing a sp and improves the chance of successful ignition and self-sustained combustion, which is especially critical for
Figure 4:
Temporal distribution of m b (c ≥ 0.9) for all cases listed in Table 2 (black broken line shows t = t sp ). Table 3 are shown in Figure 5 . It can be seen from Figure 5 that the value of T max at t sp decreases (increases) with increasing (decreasing) uЈ(R and b sp ) for both stoichiometric and fuel-lean mixtures. It has been found that both stoichiometric and fuel-lean cases with R = 1.41l f fail to ignite for all turbulent cases (i.e. cases ST4J, ST6J, LT4J and LT6J), whereas the quiescent stoichiometric and fuellean cases can just be ignited successfully.
Moreover, it can be seen from Figure 5 that T max ultimately settles to 1.0 for all stoichiometric cases which were successfully ignited and in these cases m b increases continuously with time, suggesting self-sustained combustion. By contrast, T max and m b decreases continuously with time for t > t sp in all fuel-lean cases except for the quiescent cases LT0K, LT0M, LT0N and LT0P indicating self-sustained combustion cannot be achieved in the turbulent fuel-lean cases and flame eventually extinguishes for the values of R and t sp listed in Table 3 . Although it is possible to ignite the quiescent fuel-lean mixture in the LT0J case, the flame eventually extinguishes as evident from the decreasing trend of m b with time for t > t sp . It can be seen from Figure 5 that an increase in uЈ reduces the extent of burning (i.e. m b ), and it is possible to obtain either misfire or flame extinction for high values of uЈ. The heat release due to chemical reaction needs to overcome heat transfer from the hot gas kernel to surrounding cold gas in order to have self-sustained combustion and growth of the flame kernel. By contrast, the hot kernel shrinks and eventually flame extinguishes once the heat transfer overcomes the chemical heat release. The eddy thermal diffusivity in turbulent flows scales as: D t ~ uЈL 11 , which 
indicates that an increase in uЈ for a given value of L 11 augments the rate of heat transfer from the hot gas kernel. Thus the mass of the hot gas kernel decreases with increasing uЈ, and large values of uЈ give rise to either misfire or eventual flame extinction. As the rate of heat release in the fuel-lean cases is smaller than in the stoichiometric cases, the rate of augmented heat transfer for the turbulent cases is more likely to overcome chemical heat release in the fuel-lean cases than in the stoichiometric cases. Thus, the fuel-lean cases are more susceptible to flame extinction than the stoichiometric cases and this behaviour is particularly prominent for especially for turbulent flows. The adverse effects of uЈ on ignition and early stages of burning are consistent with previous experimental [5, 9, 38] and computational [11, 13, [19] [20] [21] findings.
Figure 5:
Temporal distributions of T max and m b (c ≥ 0.9) for all cases listed in Table 3 . (black broken line shows t = t sp ).
Ignition and self-sustained combustion for fuel-lean mixtures
The turbulent fuel-lean cases shown in Figure 5 do not exhibit self-sustained combustion but it is possible to obtain self-sustained combustion for turbulent fuel-lean cases subject to the proper choice of ignition parameters R, b sp and a sp . In order to demonstrate this, the cases summarised in Table 4 have been considered. The temporal evolutions of T max and m b for the cases listed in Table 4 are shown in Figure 6 . It can be seen from Figure 6 that T max settles to the adiabatic flame temperature (i.e. T = 1.0) for t >> t sp for all cases, except for the fuel-lean LT6Q case which shows failed self-sustained combustion following successful ignition due to large values of uЈ. However, successful self-sustained combustion has been obtained for same level of uЈ for the stoichiometric Table 4 . (black broken line shows t = t sp ). Figure 6 ). Although T max approaches 1.0 for the LT4Q case, the burned gas mass m b decreases with time suggesting that this case may eventually extinguish with time. Figure 6 further shows that the choice of R = 1.55l f and a sp = 13.0 yields successful self-sustained combustion following ignition for all the stoichiometric cases for all values of uЈ considered here. However, the burned gas mass m b continues to increase with time for the fuel-lean LT0R and LT4R cases but m b decreases with time at t >> t sp for the LT6R case for R = 1.55l f and a sp = 13.0. The findings based on Figure 6 indicate that it is possible to obtain successful ignition and self-sustained combustion even for the fuel-lean cases by judicious choice of R, b sp , a sp and these parameters can be altered independently of each other in case of laser ignition. The present findings are consistent with recent experimental findings [8, [27] [28] [29] [30] [39] [40] [41] that laser ignition can be effective in igniting fuel-lean mixtures by altering the laser power (i.e. equivalent to the variation of a sp ), laser beam radius (i.e. equivalent to the variation of R) and pulse durations (i.e. equivalent to the variation of b sp ).
Qualitative comparison with experimental findings
Ballal and Lefebvre [38] proposed the following empirical relations for the critical diameter d q of the ignitor generated hot gas kernel, which can survive without the aid of any external energy addition:
where S b(f) is the unstrained laminar burning velocity of the mixture with equivalence ratio f and S T is the turbulent flame speed. For the stoichiometric mixture (i.e. f = 1.0) 
Ballal and Lefebvre [38] proposed the following expressions for E min using eqns(13) and (14):
where A and B are the constants of the order of unity. It is worth noting that eqn (15i) is applicable for the quiescent cases considered here, whereas eqn. (15ii) is suitable for uЈ/S L = 4.0 and 6.0 cases, although uЈ decays during the energy deposition period in this configuration. Equations (15i) and (15ii) suggest that an increase in uЈ acts to increase E min , whereas a decrease in S b(f) with decreasing f leads to an increase in E min for fuellean mixtures. For example, E min for the f = 0.8 mixture is about 4.0 times greater than that for the stoichiometric (i.e. f = 1.0) mixture according to eqn (15i). This implies that high values of a sp are needed for successful ignition and self-sustained flame for fuel-lean mixture than for the stoichiometric mixture, which is consistent with the results shown in Figure 6 based on the cases listed in Table 4 . Moreover, in Figure 1 it is shown that the stoichiometric case ST0G gives rise to successful self-sustained combustion for a sp = 2.7 but the corresponding fuel-lean case LT0G fails to sustain combustion after the ignitor is switched off. Furthermore, eqns (15i) and (15ii) indicate that E min is expected to rise with increasing uЈ . This implies that a sp needs to be increased for high values of uЈ in order to obtain successful ignition and selfsustained flame combustion. For example, the case ST4G with a sp = 2.7 (see Table 2 ) fails to sustain combustion after successful ignition but the case ST4K with a sp = 4.5 gives rise to self-sustained combustion for the same set of values of uЈ /S L , R and b sp . Moreover, the case ST6K with initial uЈ /S L = 6.0 also exhibits self-sustained combustion for a sp = 4.5. This detrimental effect of uЈ is more severe in fuel-lean cases, as demonstrated before in Figure 6 which shows that m b increases with time for the case LT4R with initial uЈ /S L = 4.0 but m b exhibits a decreasing trend with time for t >> t sp in the case LT6Q with initial uЈ /S L = 6.0 for the same set of values of a sp , R and b sp . The increased demand of E min with decreasing f is also consistent with previous experimental findings (see Fig. 5 .38 in Ref. [5] ). It is worth noting that eqns (15i) and (15ii) provide information about the minimum amount of energy for successful ignition and subsequent flame propagation but the findings of this paper demonstrate that the characteristics of energy distribution have profound influences on the success of ignition and subsequent flame propagation. For example, the cases ST0B and ST0C in Table 2 exhibit self-sustained combustion for R = 1.10l f and 0.93l f respectively for a sp = 3.5 but the corresponding cases with R = 1.41l f in Table 1 did not even ignite (see Figure 1) . Similar behaviour has been observed also for the cases shown in Table 3 (see Figure 5) . A comparison between eqn. (15) with the total energy deposited by the ignitor in eqn. (8iii) (i.e.
) reveals that a sp = 0.125A 3 and 0.5A 3 correspond to E min for the quiescent stoichiometric (i.e. f = 1.0) and fuel-lean f = 0.8 mixtures. The values of a sp (≥2.7) used in this analysis have been found to be sufficient to ignite the stoichiometric and fuel-lean cases considered here expect for R = 1.41l f . However, a direct quantitative comparison between the experimentally obtained empirical relations with present computational results is
beyond the scope of the current analysis, as the exact evaluation of minimum ignition energy will be made prohibitively expensive by the necessity of carrying out several computationally intensive DNS simulations. Moreover, the experimentally obtained minimum ignition energy also accounts for heat loss through the electrode, which is not addressed in the current DNS based analysis. Furthermore, different researchers [41, 42] have used different values of A, B and several expressions of S T are available in the literature [41, 42] , so the quantitative prediction of E min is not entirely unambiguous, and can potentially form the basis of further analyses. The optimum energy deposition duration is defined by the time interval, which leads to the lowest measured value of ignition energy when the background fluid flow remains unchanged [5] . However, in the current analysis the energy deposition time t sp is modified independent of other parameters for the purpose of changing the ignition power in isolation. As the current analysis deals with homogeneous mixtures, the chemical time-scale does not change, so t sp is expressed in terms of the chemical timescale t f and is modified by changing b sp = t sp /t f independent of other parameters for the purpose of conducting numerical experiments. In the absence of mean flow,the time sale for the diffusion of deposited energy over a distance R can be estimated as:
where a assumes a value close to 0.16 [38] . Equation (16i) can further be recast as:
where is the eddy turn over time and a e = R/L 11 , which is equal to 0.27, 0.33 and 0.42 for R = 0.93l f , 1.10l f and 1.41l f respectively. This suggests that the diffusion timescale t dif decreases in comparison to t f with increasing uЈ/S L because L 11 /l f is kept unchanged in this analysis and thus (t e /t f ) decreases with an increase in uЈ/S L . This suggests that an increase in uЈ/S L leads to more rapid heat transfer due to thermal diffusion from the hot gas kernel than the rate of chemical heat release. This leads to a reduction in the extent of burning with increasing uЈ/S L (see cases in Table 3 in Fig. 5 ). Moreover, a decrease in b sp makes more rapid energy deposition than the rate of diffusion of heat, which in turn increases the temperature of hot gas kernel and the increase in the extent of burning with decreasing b sp (or t sp ). For example, higher value of T max and m b are obtained in the case ST0D case than the case ST0F (see Figures 1  and 4 and refer to Table 2 ). Although an increase in R (or a e in eqn (16ii)) acts to increase the diffusion time scale t dif , this advantage is eclipsed by the decrease in temperature in the ignition kernel as the energy is deposited over a larger mass of gas. This leads to failed ignition for R = 1.41l f in Table 1 (see Figure 1) . However, this reduced temperature rise for large values of R can be eclipsed by increasing a sp , which can be substantiated by the successful self-sustained combustion for the cases ST0R, ST4R, ST6R, LT0R and LT4R in Table 4 (see Figure 6 ). This finding is also consistent with the recent results by Wandel [23] in the context of droplet-laden mixtures, which revealed that a large region of hot gas with small equivalence ratio variation can be advantageous from the viewpoint of localised forced ignition when sufficient ignition energy is supplied.
CONCLUSIONS
The effects of ignition energy, the characteristic width of the energy deposition profile and the duration of energy deposition on localised forced ignition of both stoichiometric (i.e. f = 1.0) and fuel-lean (i.e. f = 0.8) homogeneous mixtures have been investigated for different values of turbulent velocity fluctuation based on three-dimensional DNS simulations. The ignition process is modelled by a Gaussian power source in the energy conservation equation, which deposits energy over a stipulated time interval. It has been found that higher amount of ignition energy is necessary to obtain self-sustained combustion in fuel-lean cases than in the stoichiometric cases. Moreover, an increase in turbulent velocity fluctuation decreases the extent of burning and may lead to misfire for large values of uЈ. The detrimental effects of uЈ are more critical in the fuel-lean mixture than in the stoichiometric mixture because of weaker heat release effects in the fuel-lean mixture. An increase in energy deposition width (duration of energy deposition) for a given amount of input ignition energy has been found to have detrimental effects on the extent of burning and these effects can be critical for the ignition of fuel-lean mixtures. The above findings clearly indicate that laser ignition can be advantageous for obtaining successful ignition and self-sustained combustion in fuel-lean mixtures where the energy deposition width, duration of energy deposition and input ignition energy can be altered independently of each other. The computational findings have been found to be qualitatively consistent with previous experimental findings [5, 9, 38] . It is worth noting that the present analysis has been carried out using simple chemistry DNS for moderate values of turbulent Reynolds number. Although the qualitative nature of the present findings are unlikely to change in the presence of detailed chemistry and transport, further analyses based on three-dimensional detailed chemistry DNS for higher values of turbulent Reynolds number will be necessary to achieve more comprehensive physical insight and accurate quantitative predictions.
